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Abstract. We prove a higher dimensional generalization of Gross and Zagier's theorem on the factoriza- 
tion of differences of singular moduli. Their result is proved by giving a counting formula for the number 
of isomorphisms between elliptic curves with complex multiplication by two different imaginary quadratic 
fields K and K' , when the curves are reduced modulo a supcrsingular prime and its powers. Equivalcntly, 
the Gross-Zagier formula counts optimal cmbcddings of the ring of integers of an imaginary quadratic 
field into particular maximal orders in -Bp, oo, the definite quaternion algebra over Q ramified only at p 
and infinity. Our work gives an analogous counting formula for the number of simultaneous cmbcddings 
of the rings of integers of primitive CM fields into suporspecial orders in definite quaternion algebras 
over totally real fields of strict class number 1. Our results can also be viewed as a counting formula 
for the number of isomorphisms modulo p|p between abelian varieties with CM by different fields. Our 
counting formula can also be used to determine which superspecial primes appear in the factorizations 
of differences of values of Siegel modular functions at CM points associated to two different CM fields, 
and to give a bound on those supcrsingular primes which can appear. In the special case of Jacobians of 
genus 2 curves, this provides information about the factorizations of numerators of Igusa invariants, and 
so is also relevant to the problem of constructing genus 2 curves for use in cryptography. 



The celebrated theorem of Gross and Zagier |GZ| gives a factorization of norms of differences of singular 
moduli: values of the modular j-function evaluated at CM points associated to imaginary quadratic fields. 
Let K and K' be two imaginary quadratic fields with relatively prime fundamental discriminants d and 
d' . For T and r' running through equivalence classes of imaginary quadratic integers in the upper half 
plane modulo SL2(Z) with disc(T) = d, disc(T') = d' , and w and w' equal to the number of roots of unity 
in K and K' respectively, define 



Then the theorem of Gross and Zagier states that if A is a prime of Ok of characteristic p, then 



where R{m) is the number of ideals of Ok of norm m, and S{x) = 1 unless x is divisible by d, in which case 
it is 2. Their results can also be viewed as a counting formula for the number of isomorphisms between the 
reductions modulo primes and their powers of elliptic curves with complex multiplication by two different 
imaginary quadratic fields K and K' . This in turn is equivalent to counting optimal cmbcddings of the ring 
of integers of an imaginary quadratic field into particular maximal orders in -Bp. oo, the definite quaternion 
algebra over Q ramified only at p and infinity. Gross and Zagier gave an algebraic proof of this result 
under the additional assumption that d is prime, and the algebraic proof of the theorem was extended to 
arbitrary fundamental, relatively prime discriminants in a series of papers by Dorman [Dorl| . jDor2j . jDor3) . 

In this paper we prove a generalization to higher dimensions of Gross and Zagier's theorem, which can 
also be viewed in three ways as 1) a statement about primes in the factorization of differences of values 
of Siegel modular functions at CM points associated to two different CM fields; 2) a counting formula for 



1. Introduction 



J(d,d') = ( n ijir)-j{r)))^. 
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isomorphisms modulo p between abelian varieties with CM by different fields; and 3) a counting formula 
for simultaneous embeddings of the rings of integers of two primitive CM fields into superspecial orders in 
certain definite quaternion algebras over a totally real field. 

First we explain our interest in these three contexts. Assume throughout that K and K' are primitive 
CM fields with a common totally real subfield = K'^ = L and [L : Q] = g where L has strict class 
number 1 . In the special case of g = 2 we are inspired by some concrete calculations of values of certain 
Siegel modular functions at CM points associated to primitive quartic CM fields. Let C and C" be two 
genus 2 curves whose Jacobians J and J' have complex multiplication (CM) by K and K' . In analogy with 
the modular j-invariant for elliptic curves, for genus 2 curves Igusa defined 10 modular invariants. Equality 
of these 10 invariants determines whether two curves are isomorphic geometrically, so primes appearing 
in the factorization of all 10 differences correspond to primes where the curves become isomorphic when 
reduced modulo that prime. Concrete calculations and the tables of van Wamelen suggest that such primes 
are "small" . An explicit characterization of such primes gives information about the numerators of Igusa 
invariants and thus has some value computationally as well. 

Thus we are led to be interested in counting the number of isomorphisms modulo various primes and 
their powers between abelian varieties with CM by two different CM fields K and K'. The existence 
of an isomorphism modulo p between abelian varieties with CM by two different CM fields K and K' 
with = K'^ implies supersingular reduction modulo p. Fixing an abelian variety A with CM by 
K , each isomorphism modulo p with an abelian variety A' with CM by K' gives an embedding of Ok' 
into Endeij^(A). In the case of superspecial reduction, we can give very explicit descriptions of the orders 
Endoi,{A), which allows us to derive a formula which counts such embeddings. 

Goren and Nicole have introduced the notion of superspecial orders in definite quaternion algebras 
over totally real fields as a generalization of maximal orders in definite quaternion algebras over Q (see 
the thesis of Nicole |Niclj and the related paper |Nic2j ). These orders were further studied in [CGLH 
ICGL2[ IGL3j where related Ramanujan graphs were constructed and certain cryptographic applications 
suggested. Throughout this paper assume that p is a prime number which is unramified in the totally real 
field L of degree g and strict class number h'^{L) = 1. Under those assumptions a superspecial order in 
Bp := Bp ®iQ L is an Eichlcr order of level p. The connection with geometry is given in the thesis of 
Nicole, where it is shown that End^^^ {A) is a superspecial order for A a principally polarized superspecial 
abelian variety with RM over Fp. Conversely, every superspecial order arises in this way from such an 
abelian variety A. 

Next we give an overview of the results of the paper. The core of the paper is the generalization of 
Dorman's work constructing and classifying superspecial orders in Bp^L with an optimal embedding of a 
CM number field K with = L. First, Section [3] is devoted to giving a description of the quaternion 
algebra Bp ^ with a fixed embedding of the CM field K for superspecial primes, i.e. unramified primes 
p such that an abelian variety with CM by K has superspecial reduction modulo a prime in a field 
of definition of the abelian variety. Sections 0] and [5] establish a classification of superspecial orders with 
an optimal embedding of K , giving both an explicit construction of all such superspecial orders and a 
bijection (up to conjugation by elements of A'^) with the class group of K (Theorem 15. 8p . These three 
sections together establish the generalization to g > 1 of Dorman's work on orders ( jPorlj ). and fix several 
gaps in his proofs. 

Section [6] gives a method for counting embeddings by counting elements of the superspecial orders with 
a prescribed trace and norm in a way that generalizes the Gross-Zagier formula. Our method is very 
similar to Gross-Zagier's and Dorman's; their results are the special case g = 1. To make the link between 
the algebraic and the geometric sides of the story, we include the determination of endomorphism rings 
of superspecial abelian varieties in Section [T] Section |8] connects the counting formula for isomorphisms 
between CM abelian varieties with the counting formula for embeddings into superspecial orders. 

The main result of the paper is an explicitly computable counting formula for the number of iso- 
morphisms modulo between abelian varieties with CM by two different CM fields K and K' with 
K+ = K'^ (Th eorems 16.51 and 18. 2p . This formula can be viewed as an intersection number under the 
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assumption that a reasonable lemma in intersection theory holds (see Section [5]). Less precisely, we refer 
to this value as a "coincidence number" . It also has an algebraic interpretation as the number of optimal 
triples of embeddings of Ok and Ok' into superspecial orders (see Section . 

For primes of supcrsingular reduction for CM abclian varieties, a separate computation of the endomor- 
phism rings is given in Section [TUl In Section [TTl a volume argument such as was used in |GLlj is given to 
establish a bound on primes p of either supcrsingular or superspecial reduction where isomorphisms exist 
modulo p between CM points associated to K and K'. In Section [121 an example of two Galois CM fields 
is given and all primes dividing the differences of the Igusa invariants are examined and compared with 
our counting formula. 

2. Preliminaries 

2.1. Quadratic Reciprocity for number fields. Let L be a number field, and 7 and 6 prime elements 
of L which are non-associates, such that {-fS, 2) = 1. Define 

fl\ _ ( 1 if 7 = □ mod (5 
^ \ -1 else. 

Let B = ("'zt) ^^'^ quaternion algebra over L defined by the elements 7 and S. For any place rj of L, 
including the infinite places, define 

, f 1 if _B (g) r Ln is split 

(^''^)" = \-l else 

Then we have the following analogue of Quadratic Reciprocity for the number field L. 

Proposition 2.1. (1) If rj is a finite prime such that rj \ 2, then (7, (5)^ = ^ if and only if — ^y^ — Sz^ = 
has a non-trivial solution modulo rj. 

(2) If rj is complex, then (7, 5)r; = 1- 

(3) If rj is real (rj : L ^ Rj, then {'jjS)^^ = 1 if and only if ri{j) > or r]{S) > 0. I.e. (7, <^),) = —1 if 
and only if both 77(7) and r](S) are negative. 

(4) 

where r(7, 6) equals the number of real places r/ such that both 77(7) and ri{6) are negative. In particular, 
if either j or S are totally positive, then 

(I) (^)^h.%:^nh,*v 

(5) We have 

(y) (-1,7)2 = (-ir(^\ 

where r{'y) is the number of real places rj such that rj{'^) is negative. 

Proof. (1) By |Vig[ Chap. II, Cor 1.2], (7,(5),, = 1 if and only if — 7^^ — 5z^ ~ has a non-trivial 
solution in L^i, where by "non-trivial" we mean a solution where at least one of the variables with non-zero 
coefficients is non-zero. Suppose that x'^ — 72/^ — Sz^ = has a non-trivial solution in L,,. By multiplying 
by a common denominator we can assume x,y,z G and one of them is a unit. Then reducing modulo 
77 we get a non-trivial solution to x"^ — 7?/^ — Sz"^ = mod 77. Conversely, suppose — 7?/^ — (5z^ = 
mod "q has a non-trivial solution. By Hensel's lemma, we can lift the solution to Ol,, . 

Part (2) is clear and Part (3) follows from loc. cit. because — ri{'y)y'^ — r]{5)z^ = has a non-trivial 
solution in K'^ if and only if either 77(7) > or rj{S) > 0. 
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To prove (4), first note that (7,(5)-, = 1 4=> .x^ — ^y^ — Sz^ = has a non-trivial solution modulo 7 
(5 = (|-)^ for some non-zero x, z G OLl{"f) (;^) = 1. By the product formula: 

i = T{{i.6)v = (-ir^^^''(7,5)2 f^) (I) n (^'-5) 



77 finite, r}\2'^5 



But for ?7 \ 27(5, — 7j/^ — Sz^ = has a non-trivial solution modulo ?/. so (7, 5)^ = 1. 

Similarly for (5), for any real place 77, 77(7) > <J==> (—1,7),, = 1, so it follows from the product 
formula that 



□ 



2.2. The ring of integers in CM fields. Let K be a CM field with totally real subfield /v+ = L. 
Assume that L has strict class number one. Let T>x/l be the different of the extension and let 77 denote 
a prime ideal of Ol- 

Lemma 2.2. (1) Ok = OL[t], where + at + b ~ for some a, 6 G Ol, and 2?^^^ = '^'^^ 
d — a? ~ Ah a totally negative element of Ol ■ 

(2) Assume for rj \ 2 that if ij \ a then b is not a square modulo rj. Then (rf, 2) = 1 and d is square-free. 

Proof. Part (1) is proved in |GL2[ Lemma 3.1]. 

Part (2). Since Ok = OL[t\/{t^ + at + h), the prime decomposition of every prime r] is determined by 
the prime factorization of + ai 4- 6 mod ry. If 77 is ramified, that implies that t^ -\- at + b = [t ~ c)^ 
mod 1] for some c £ OL/ij])- But since 7; | 2, we have 

{t - cf =t^ - = t^ + mod r], 

so 

-\- at + b = [t — cf mod 77 <J=^ 77 | a and 6 = □ mod 77. 

Thus our condition implies that Ok is unramified over all primes 77 | 2. It follows that (d, 2) = 1. 

Next we prove that d is square-free. Let 77 be a prime of Ol not dividing 2. For 7; | d, we have 
Ok ®Or, Ol,, = OL,,[Vd\ because Ok = Ol[^^^]. Write OL„[\/rf] = OlJ^/^T^, where w is a unit 
at 77 and aj^ | d. If 7' > 1, then 

Ol, [y^T^ = Ol, + Ol, ■ 

has no element of valuation 1, which is not possible. Indeed, if tt is a uniformizer of O^^, with valuation 
normalized so that val,j(C'L^) = Z>o, then val7r(a:) = 2val,,(a;) g 2Z>o for x € Ol, , and 

val^(^?/ • a;^) = ival^(7i • = val^(7i • a^) = r. 

In other words, we have shown that discriminants of quadratic extensions of p-adic fields are square-free 
when p 7^ 2. □ 

Lemma 2.3. We have Ok = Ol[ °'"^^ ] exactly for the a' G Ol such that a' = a mod 20l- Such 
a' satisfy [a'f = d mod 40^. Conversely, given a' G Ol such that {a'f = d mod 40^, we /lawe 
Ok = Ol\^^^ 



Proof We have = Ol^ = Ol[^^] = Ol[^^^] if a' = a mod 20^. We have d = - 4fe = 
mod 40^. Then also {a'f = {a + 2yf = + Aay + Ay^ = d mod AOl- 



If Ol[^^] = Ol[^^-^] then 



Vd .a' + Vd. 
- — = u + v{ ), 
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which imphes that 

a + Vd = 2u + va' + v\/d, 

and so 

V ~ 1 and a ~ 2u + a' ^ a = a' mod 20l- 
Finally, suppose a' e Ol satisfies (a')^ = d mod AOl- Then ° +^ is integral. Therefore 

a' + \/d ,a + \/d. , n r. n , / , ^^/^ 
= u + V ■ ( — ) =>a + V a = 2u + va + vv a ^ v = 1 ^ a = a mod 2Ul- 



□ 

2.3. CM points on Hilbert modular varieties. Assume that X is a totally real field, [L : Q] = g and L 

has strict class number 1; we write ~1. This implies that (Ol^)^ = (C'l^)^- In this case, the Hilbert 
modular variety "Hl associated to L is geometrically irreducible and affords the following description. It is 
the moduli space for triples ( A, u : Ol — >■ End(A), rj), where A is a complex abelian variety of dimension g, 
t is a ring embedding and 77 is a principal O^-polarization, or, equivalently, 77 is a principal polarization and 
the associated Rosati involution fixes Ol element-wise. We have Hl = SL2{Ol)\S)^ (see [Gorl Chapter 
2, §2]). Our interest is in the parameterization of CM points on Hl- 

2.3.1. Abelian varieties with CM. Let if be a CM field such that = L. We consider triples 
(2.1) (At : Oa- ^End(A),77), 

such that A is a g-dimensional complex abelian variety, /, is a ring homomorphism and 77 is a principal OA- 
polarization, where by that we mean a principal polarization whose associated Rosati involution induces 
complex conjugation on K. 

Such datum produces a point on Hl, namely, the point parameterizing (A, lIoltT]). This will be 
examined later. First we want to classify triples {A, rj) as in (|2.ip up to isomorphism. 

To a triple {A, l, 77) we may associate a CM type $ that records the induced action of K on Ta,o, the 
tangent space to A at the origin. The theory of complex multiplication then asserts the existence of a 
fractional ideal a oi K such that 

iA,L) - (CV$(q),w), 

where ^•(o) is the lattice {ipi{a), . . . , ipg{a) : a G 0} and where $ = {ipi, . . . ,ipg}; Lean is the canonical 
action of Ok on that abelian variety, obtained by extending the natural action on $(0). Furthermore, the 
principal polarization 77 is induced from a paring on K of the form 

[x,y) ^ TiK/aiaxy), 

for some a e K . The conditions on a ensuring the associated polarization, say 77a, is principal are: 

(1) {a)^{VKaa)-\ 

(2) a = -a. 

(3) Im((^i(a)) > 0, for i = 1, . . . ,5. 

It follows easily that for every A e the principally polarized abelian variety associated to ($, a, a), in 
the manner above, is isomorphic to that associated to ($, Aa, (AA)~^a). Furthermore, any isomorphism of 
principally polarized abelian varieties {A, t, 77) = [A' ^ r]') as in (|2.ip arises that way. 

Now, given a fractional ideal a of if, the ideal aa is of the form hOx for some fractional ideal b of L 
and, since Hl ~ 1, we can write (aa)^^ = XOk for a suitable A e L. The fractional ideal is of the 
form d~^/'^OK^ where d is a totally negative element of L. Thus, 

(2?Aaa)-i = (Ad-i/2), 



and Ad-1/2 = -Ad-1/2. We arc free to change A by any unit e e Ol"" ■ Since (0^'')+ = {Ol"'?, it 
follows easily that for any choice of signs si, . . . , Sg in {±1} there is a unit e G Ol^ such that the sign 
of '■Pii^) is Si. Since \m{ipi{e\y/d )) = Lpi[e)hn{(pi{\\/d )), by choosing e properly we may arrange that 
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Im((/5i(eA-\/d )) > for alH = 1, . . . ,5. We have thus shown that for every fractional ideal a of K, there 
is a suitable a such that ($, a, a) gives a principally polarized abelian variety with CM by K . 

Let ai, . . . , aiiK be representatives for the class group of A', Cl(/v). Our discussion so far shows that 
the isomorphism classes of principally polarized abelian varieties with CM by Ok are in bijection with 
equivalence classes of the following set 

{($, tti, a) : $ is a CM type, I < i < h^, a satisfies conditions (i) - (iii) above relative to $, a}. 

The equivalence relation is that 

(*,aj,a) - ($,aj,eea), eeO^''- 

Given (<l>, Oi, a) and ($, Oi, b) there is a unit ei € Ok^ such that b = eia, because both a and b generate 
the ideal (I'jf 0^0^)"^. Since a = —a and b = —b, it follows that ei € Ol^, and since lm{ip{a)) > and 
Im(<^(6)) > it follows that ei e Ol""'^- Using that 0^'''+ = Ol'''^ we conclude that there is an e e Ol 
such that ei = = ee. That is, (3>,ai,a) ~ ($,0^,6). We therefore conclude that, in the strict class 
number 1 case, isomorphism classes of principally polarized abelian varieties with CM by K and a fixed 
CM type are parameterized by the ideal classes of K. 

2.3.2. CM points on Hl- Let {A,l : Ok End(A)) be a complex abelian variety with CM by K (so 
[K : Q] = 2dim(A)). Since /ij = 1, it carries a unique principal polarization up to isomorphism. Consider 
Endcij^(A). We use jChai Lemma 6, p. 464]. In the notation of that Lemma, since A has CM only cases 
Ill(a) and IV can arise. But, since we are working over the complex numbers, in fact only case IV can 
arise, and according to which A ^ B", where B is of dimension g/n and has CM by a CM field Kq whose 
totally real subficld Lq is contained in L and satisfies [L : Lq] = n. One has End° (A) — L Kq, which 
is a CM field according to that Lemma. It follows, because K is primitive, that End° (A) = K. As a 
consequence, once a RM structure is specified on A, there are precisely two CM structures extending it; 
if i : Ok — ^ End(yl) is one of them, the other is ? := t o r, where r is complex conjugation on K. If t has 
CM type $ then I has CM type $. Let ^ be the set of CM types for K. 

Proposition 2.4. Define an equivalence relation ^ on ,^ x Cl(A') by ($, [o]) ^ ($, [o])(= (3>, [a~^])). 
Then the set ^ x Cl(A')/ has 2^~^ x ^Cl(Ar) elements and is in a natural bijection with the K-CM 
points onT-L^, that is, with the points {A, l : Ol End(j4),7y) for which we can extend l to an embedding 
Ok ^ End(j4) whose image is fixed (as a set) by the Rosati involution associated to rj. 

3. Quaternion algebras over totally real fields 

Let A be a totally real number field of degree g and strict class number 1. Let p be a prime number 
unramificd in L and let 

Bp,L '■= Bp^oo <8iQ A, 
where Bp ac is the rational quaternion algebra ramified at p and 00 alone. Let 

S^{P<Ol\p\p} 

be the set of prime ideals of A above p, and let 

So = {peS\f{p/p) = l mod 2} 

be those with odd residue degree. The algebra Bpx is ramified precisely at all infinite places and at the 
primes p € 5*0. 

The rest of this section and Scctions|3]and[5]are devoted to giving a description of the quaternion algebra 
Bp,L, and a classification of some particular orders, under the assumption that all primes p ^ S \ Sq split 
in AT and all primes p S are inert in K . First we prove that this assumption is satisfied when p is an 
unramificd prime of superspecial reduction for an abelian variety with CM by K. 
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3.1. Splitting behavior in the case of superspecial reduction. 

Proposition 3.1. Let p be a rational prime, unramified in K . Let A be an abelian variety with CM by 
Ok, defined over a number field M, with good reduction at a prime ideal pM of M dividing the rational 
prime p. Assume that A has supersingular reduction modulo pM- Then, every prime in Sq is inert in K . 
Assume further that A has superspecial reduction, then every prime in S \ So is split in K . 

Proof. Since A has supersingular reduction, say A, End° (A) = -Bp,L = Bp^oo L ( |Cha| Lemma 6]), and 
so 

K ^ Bp^L- 

Therefore, at every prime ^ oi K above a prime p of L, the field A'qj splits the quaternion algebra 
Bp^L ®L L^. The quaternion algebra Bp ^ is ramified precisely at the primes in 5*0 and at infinity. Thus, 
if p € 5*0, we find that each iiTqj is a quadratic field extension of Lp, that is, since p is unramified in K , all 
the primes in Sa are inert in K . 

Assume now that there is a prime p & S \ So that is inert in K and let *p be the prime of K above 
p. Let us denote the embedding of Ol into VF(Fp) associated to p by {ipi, . . . ,<p/}, / = f{p/p), where 
we may order the embeddings so that a o ipi = fi+i and a denotes the Frobenius automorphism. Each 
embedding ipi is the restriction of two embeddings of Ok into W^(Fp) that we denote iph'^Pii where one is 
the composition of the other with complex conjugation. Since Cp is inert over p, a still acts transitively on 
the set {i;f:t=l,...J,j = l,2}. 

The Dieudonne module of A decomposes as D = ©p|pD(p) relative to the Ol structure. Let H = D{p). 
Then H decomposes further as 

H = ®Uh{^,) = ®U (ml) ® Hiij^)) , 

where H{(fi) is a free Vr(Fp)-module of rank 2 on which Ol acts via (fi and it is decomposes into a direct 
sum of two free VF(Fp)-module of rank 1, H{tpl), H{ip'^), on which Ok acts by ipl, ipf, respectively. Now, 
the transitivity of the action of a on the tp^ means that we can order them so that 







i = 1,2,.. 


.-,/- 


1, 


a o ipj 


= ^l. 








(J o ipf 


= ^f+l, 


1 = 1,2,.. 


■•,/- 


1, 




= ^\. 









Let us choose a basis {e\ : i = 1,2,...,/, j = 1,2} for iJ such that e\ spans H{il}f). Note that the 
kernel of Frobenius on H := H (mod p) is an O^f -module and is one dimensional in every H{ipi), because 
A satisfies the Rapoport condition, or, alternately, for each i, precisely one of {4'}, ipf} belongs to the CM 
type. Suppose, without loss of generality, that e\ spans the kernel of Frobenius in H(ipi), then we must 
have that Fr(ef ), which is equal up to a unit to 63, spans the kernel of Frobenius in H{(p2) (this is where 
"superspecial" is being used), and by the same rationale we find that the kernel of Frobenius in H{ipi) is 
spanned by ej, for i odd, and by ef, for i even. In particular, the kernel of Frobenius in H{ipf) is spanned 
by Bp because / is even. Now, by the same rationale, Fr(ey) spans the kernel of Frobenius in H{(pi), and 
it lies in H{ipl) because a o t/jj = 'ipf. This is a contradiction. □ 

3.2. A description of Bp L- Next we give a description of the quaternion algebra Bp L in terms of a CM 
field K, for a certain set of primes p, which according to Proposition 13.11 includes the superspecial primes 
of K. This description generalizes the approach of Gross and Zagier. 

Notation: If q is a prime of L, let aq denote a totally positive generator of q. It is unique up to an 
element of 0^''+ =C'l'''^ Write p = flpes ap. 
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Proposition 3.2. Let K he a CM field, K'^ = L. Assume p is odd, unramified in L, and that all primes 
p (z S \ Sq split in K and all primes p £ So are inert in K . These conditions imply that K embeds in 
Bpj^. Assume that the discriminant — (d) satisfies {d,2p) — 1. Then there is a totally negative 

prime element G Ol such that (uq, 2pd) = 1 and 

The ideal (ao) is split in K . 
Proof. We first need a lemma. 

Lemma 3.3. (Primes in arithmetic progressions) Let L he a numher field and let vi, . . . ^Vt be some of 
L's embeddings into M. Let r < Ol be an integral ideal and r G Ol an element such that (r, r) = 1. Then 
there is a prime element a G Ol such that a = r mod r and h'i{a) > 0, Vi = 1, . . . , i. 

Proof. We may assume Vi(r) > 0, Vi = 1, . . . , t. Indeed, one may replace r hy r + n for any element n € r. 
Since x (E) Q = L, ioi any c G M, r contains elements n such that i'{n) > c for every real place v of L. 
Taking C = max{|i^i(r)| : i^i{r) < 0} and a suitable element n € r we get ^^(r + n) > 0, Vi = 1, . . . , t. 

Consider the modulus ■ ■ ■ i^t = and the ray class group modulo m, /(m)/P(m). Here /(m) is 

the multiplicative group of fractional ideals prime to m, P{m) is the subgroup of principal ideals having 
a generator /3 such that (3=1 mod m and > 0, Vi = 1, . . . , t. Let L{m) be the corresponding class 

field, Gal(L(m)/L) = /(m)/P(m). The ideal (r) is an element of /(m)/P(m). Let 

a = ((r),L(m)/L) G Gal(L(m)/L) 

be the Artin symbol. By Chebotarev, there is a prime ideal p such that (p, m) = 1 and 

o- = (Tp = (p, L{m)/L). 

Also, p is equivalent to (r) modulo P{xn), hence also principal. Indeed, 

cTplff^ = cr|ff^ = ((r),L(m)/L)|Hi = 1. 

Since Gal(i7i/L) = I/P, we must have that p is principal. Let (ai) = p. By construction, (ai) = (r) in 
/(m)/P(Tn). That means that the ideal {air~^) has a generator uair^^ , u G Ol^, such that 

uair^^ = 1 mod m. 

Let a = uai. Then a = r mod m, meaning a = r mod r and for every i = 1, . . . ,t, Vi{a) has the same 
sign as i^i{r), i.e. is positive. □ 

According to Lemma [3?3l we can choose ao G Ol such that 

(1) ao is a totally negative prime element of O^. 

(2) ao = p mod 77^, for each 77 | 2, some N ^ (for choice of N, see below). 

(3) ao =p mod q, for each q | d. 

(4) ao = 1 mod p. 

Since — dy^ — aopz^ = mod 77^ has a non-trivial solution if N is large enough, then by Hensel's 
lemma, there is a p-adic solution . We have 

(*★) {d, aop)n = 1 for aU 77 | 2, ^— ^ = ^-^ for all q | d 

and (ao, 2pd) = 1. 

To show Bp^L = (^^) , we need to check: 

(1) For all 77 I 2, (d, aop),, = 1: see 

(2) For all 77 finite such that 77 \ daop, {d, aop)ri = 1- 

— dy^ — aopz^ = mod 77 has a non-trivial solution. 
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(3) For all -q finite such that rj \ d, {d, aop),, = 1: 

— aopz^ = mod rj has a non-trivial solution (^^) = 1, which is true by (2). 

(4) For aU ?7 e ^ \ Sq, {d, aop)„ = 1: 

— dy^ = mod rj has a non-trivial solution = □ mod rj rj splits in K. 

(5) ?7 = Qfo ^ {d,aop)^ = 1: 

— dy^ = mod ao has a non-trivial solution ■^=> (^) = 1. Wc will examine this below. 

(6) 1] e So^ (d, aop).,, = -1: 

— dj/^ = mod 77 has only the trivial solution 7^ □ mod r/ ?/ is inert in i^". 

(7) r] real ^ (d, aop)n = -1: 

— dy^ — aopz^ = in M has only the trivial solution since —d and — aoP are both positive. 

So it remains to prove only that (^) — 1. 
Write d= (-l)-nq|d"q' andp = np|pap- 



= ( — I T~r ( ( — I {cta,ctn)2 ] (by quadratic reciprocity) 



P\P 



np 



(ao,aq)2 (since ( — ) = (-)) 



-)(«o,-rf)2 n (- 

( — )(ao,— d)2 TT (— )(an,aq)2 (by quadratic reciprocity) 
- ) ("0,-1)2(00,^)2 ( — ) ("p, -l)2(ap,rf)2 



pIp 



(-l)»(ao,(i)2n(°^P''^)2 ( ^ ) (by Part (5) of Proposition [H 



□ 



PiP ^^1^ 
= (— l)^(aoP, d)2(— l)'^'^" (by our assumptions on K) 
= (-1)^+*^" (since {aop,d)„ = 1,V77 | 2) 
~ 1 (since (g + #5o) = # {ramified primes of Bpx} is even). 

3.3. Another description of the quaternion algebra Bpj,. 
Definition 3.4. For a, (3 G Ok define 

:= { ^) &M2{K). 

\aQpl3 a J 

Lemma 3.5. Assumptions as in Provosition \3.Sl Bp ^ — {[f^,/?] | a, /3 G K}. 

Proof. Proposition 13.21 implies that Bpx = L^Li^Lj^Lij, with i'^ = d, ~ ctQp, and ij ~ —ji- 
We can write this as K^Kj, with the multiplicative structure satisfying: for x,y € K, x{yj) = {xy)j, 
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j"^ = aap, and 

xj = (xi + X2i)j = Xij + X2ij = jxi - jiX2 = j{xi - 1x2) = jx. 
So for the isomorphism x + yj ^ [x, y] to respect the muhiphcative structure it is enough to check: 

(1) [q;,0][0,/3] = [0,a/3]: ' - ' 



a J yaop/S J \aopal3 
(2) [0,1P = [«OP,0]: ^0 ^^^0 A-^"oP 







r 




\aaP 









(3) [a,0][0,l] = [0,1] [a,0] 



aop 

a OW 1\ / ' a\ / l\ fa 
a I \aop Ol \aopa OJ \aop J \0 a 



□ 



4. Orders in the quaternion algebra Bp^L 
By Proposition 13.21 the ideal aoOi sphts in K. Write 

aoOK =A-A, 
and let V = Vx/l = (Vd) be the different ideal of K/L. 

Definition 4.1. Let a be an integral ideal of Ok- For each q \ d, fix a solution Aq to 
(4.1) x^ = aop mod q. 

Let e{a, q) £ {±1} be a choice of sign for each q | d. Let A £ (A, d) = 1, be such that 

(1) A = e(a, q)Aq mod q, Vq | d 

(2) A,4~^a^^o is an integral ideal of Ok- 

This is possible by the Chinese Remainder Theorem and using that (^~^a~^o, d) = 1. 

For example, one particular choice of signs which we will often make is e (a,q) = where 
q <l Ok is an ideal such that c[Ok ~ q^, and we denote the corresponding A by Aq. This will be explained 
further in Definitions 15.21 and 16.21 

Let £ G be any non-zero element such that (€, ao(ia~^a) = 1 and i is split in K/L. In particular, ^ 
could be a power of p. Now define 

R = R{a,X,i) ^ {[a,/3] \ a eV-\p e V-^A-^fa~^a,a = A/3 mod Ok}- 



Proposition 4.2. Assumptions as in Provosition \3.2\ In particular, K is a CM field such that = L 
has strict class number 1, the discriminant of K/L is prime to 2 and thus square- free, and p is odd, 
unramified in K . All primes p & S\Sq split in K and all primes p G 5o are inert in K. Then: 

(1) R is an order of Bp^^, containing Ok- 

(2) R has discriminant p ■ I. 

(3) R does not depend on the choice of A, as long as A satisfies the same local sign conditions. 

Proof. Part (1). It is clear that i? is a finitely generated OL-module, containing Ok = {[«:0] : a E Ok}- 
We need to show that R is closed under multiplication. The multiplication formula is 

[x, y] [z,w] — [xz + aopyw, xw + yz], 

and we need to show that, for [x,y], [z,w\ G R, also [a;, y] [z, w] G R. 

Step 1. Show that xz + aopyw G D^^. 
A priori, xz G 2?^^, and 



aopyw G aopV-^A^Ha-^aV-^A-Ha-^a = aopV-^{AA)-H^ = pV~^e^ C p-^. 
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So it is enough to show: Vq | V, Ya\^{xz + aopyw) > -1. Let q = q fl Ol. Then c\Ok = q^- We wih work 
q-adically. Let tt S Ok- be a uniformizer such that 7f = — tt (the extension of complex conjugation from 
K to A'fj). 

Lemma 4.3. Such a tt exists. 

Proof. Choose a uniformizer ttq of Ol^ , and let Ki = Lq (y^tto) . Then for A'l there exists such a uniformizer. 
So it is enough to show that, if q | q and q ^ 2, then any q-adic field Li has a unique quadratic 
ramified extension. By Local Class Field Theory, ramified quadratic extensions are in bijection with 
subgroups of index 2 of C^^ . There is a unique subgroup of index 2 of since it contains O^^ and 
O^JO^^ ^Z/2Z. □ 

Note that V^^A^^la'^aOK- = -^Ok-, since {A, q) — 1, {£, q) = 1 and (a~^o, q) = 1 because a~^a has 
no ramified or inert primes. Write then x=^,y='^,z=^,w~^, with xq, yo, zq, wn G Ok^, ■ So 

X = Xy mod Ok ^ xq — Xya G (tt) 

and 

z = Xw mod Ok =^ zq — Xwq G (tt). 

Now 

xz + aopyw = -^(xozo ~ aopyowo), 
so it is enough to show: valq(a::o2o — o^opyQWa) > 1. But 

xqZq - aopyoW) = XyoXwo - aopyow^ mod (tt) 

= X^yowo — aopyoWo mod (tt), (because conjugation is trivial mod (tt)) 
= (A^ - aop)yoWo 
= (Aq - aop)yoWo 
= mod (tt). 

Step 2. Show that xw + yz e V^^A'^ia-^a. 

A priori, xw and y'z G D^^A^^ia^^a, so we just need to show valq(a;u' + y'z) > —1 at all primes q | D. 
Using the same notation as in step 1, we need to show valq(a;oU'o — yo'zo) > 1- We have, modulo (tt): 
xowa - 2/0^0 = xqWo - yaza = Xyawo - Xyowo = 0. 

Step 3. Show that xz + aopyw — Xixw + y'z) G Ok- 

A priori, by Steps 1 and 2, xz + aopyW G and 

X{xw + yz) G p-^a^-^a-^a C V'^i c 
since XA^^aT^a C Ok- Therefore, we just need to show that for all q | 

valq(a;z + aopyw — X{xw + y'z)) > 0. 
Using the same notation as above, this is equivalent to: 

valq(.ToZo - aopyow^ - X{xoWo - yo'z^)) > 2. 
Write Xq — Xyo + nxi and zq ~ Xwq + nzi. Then 

(Ayo + 7ra:;i)(Awo + ttzi) - aopyow^ - X{Xyo + nxi)wo + Xyo{XW^ - ttzT) 
= (A^ - aop)yom) + Xnyo {zi -z^) = Q mod tt^ , 
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since (zi - zi) e (tt) and (A^ - aap) G qOL<, C (tt^). 

Part (2). We need to compute the discriminant of 

R = R{a,X,i) = {[a,/3] \ a e X>"\^ G P^^y^^^^a^^a, a = A/3 mod 0^^}. 

Let 

R' = {[a,/3] I a e Oif,^ e £a-^a}. 

R' is an Oi-module of rank 4. 
Lemma 4.4. disc(i?') = {la^pdY 

Proof. The quadratic form on R' is det[Q;,/3] = aa — aop/3(3 =: q{[a,f3]). Note that this quadratic form 
coincides with the norm form on the the quaternion algebra Bp^L- writing 

[a, 13] = [a, 0] + [0, /3] [0, 1] = (ai + a2i) + (/3i + /32i)j, 

where = d and ~ aoPi we have 

Norm((ai + a2« + Pij + hij) = a\- a\d - Pla^p + PldaQp 

= {ai + a2i){ai - a2i) - aoP(/3i + fi2i){Pi - I32i) 

~ aa — a^pPP. 

The associated bihnear form is 

([a,^], = 07 + 07 - aop{l35 + pS), 

where \{x,x) = q{x). Note that ([a, 0], [0,(5]) = and 

([«!, 0], [q!2, 0]) ~ aia2 + aia2 = Trx/iaia2, 

([0,/3i], [0,/32]) = -aop(/3i^2 +^1/32) - -aopTr^/i/3i^2- 
To compute the discriminant of R' with respect to the bihnear form, we need to compute the determinant 
of the matrix {{xi,Xj)), for {xi} a basis for R' . Choose a basis {^1,^2} for Ok as an OL-module (e.g. 
Choose a basis {zi;3,u'4} for ia^^a as an Oi-module. By the above calculations, we see that 

dct {{■w,,Wj)) ^ det(Afi)dct(M2), 

where 

/ 2wiwT WiW^ + W2WT\ irr I ^^ 

Ml = — — — = {Yx(wiWj)), 

\W\W2'\^W2W\ IW2W2 ) 

i, J = 1, 2 and 

M2 = -aop — , — „ — = -aop(TT[w,Wj)), 

i,j = 3,4. We have 

det(Mi) ~discK/L{OK) 

and 

det(Af2) = -(aop)disc^/i(^o"^a). 
For any Oi^-idcal b, discx/i(b) ~ discx/ l{0 K)^oriLRK/ lW^ jLanl Prop. 13, p. 66]. So 
disc(i?') = discK/L{OK)^mi-mK/L{(a-^af{aoP)^ = {laopdf . 
Remark: This uses that i is split in KjL. In a typical application, i will be a prime lying above p. If p 
is inert in i, then it will automatically be split in KjL according to the hypotheses of Proposition [221 If 
i is not split in A'/L, we get a higher power of I in the final answer. 

□ 

In order to show that R has discriminant p ■ I the following lemma is needed: 



A GROSS-ZAGIER FORMULA FOR QUATERNION ALGEBRAS OVER TOTALLY REAL FIELDS 



13 



Lemma 4.5. The following sequence is exact: 

^ i?' i? v-^a-^/Ok 0, 

where 

Proof. First R' C R because a e Ok, \P e X£a-^a = {Xa-^a)e C Ok^ C Ok- Since A/3 e Oif, clearly 
a = A/3 (mod 0^^). Now: 

• Exactness at R: R' C Kci{tp) is clear. Now suppose [a, /3] S Kcr(7/'). Then /3 G ^a"^a and so 
a e O/f because A/? G Ojs:, by the definition of A, and a = A/3 (mod Ok)- So [a, /3] e R' . 

• -0 surjective: Let /3 e P^iy^-i^a-^o. Then [A/3,/3] e i? because A/3 G V-'^e{XA^^a-^a) C 

□ 

Thus discK/L{R) ~ discA7L(-R')/Normjf/i(2?^)^ = (£Q;op(i)^/(aod)^ = so the discriminant of R 

as an order of -Bp,L is £p. □ 

Part (3). Finally, i? is independent of the choice of A assuming A satisfies the same local sign conditions: 

Proof. Suppose both A and A' satisfy the conditions of Definition 14.11 Let [a, {3] E R{a,X,i), so a e V^^, 
P G V-^A-^la-^a, and a = A/3 mod Ok- Then, 

a - A/3 e Oa' =^ (Vda) - A(\/d/3) e (Vd), 

and 

(\/da) - A'(\/d/3) - (A - A')(\/d/3) G [Vd). 

Now, because d is square free and for all qjd we have A' = e(o, q)Aq = A (mod q), it follows that A— A' e [d). 
But, 

A-A'e(d) (A- A')Vd/3e dfyt-^a^^o, 

and 

Ayd/3 - A'\/d/3 e Oa 

by the definition of A and A', so 

(A - A')\/d/3 e Oa n dM^^a^^a C [d). 
It follows that (Vda) - A'(\/d/3) e (Vd), so a = A'/3 mod Oat. □ 

5. Classification of superspecial orders of Bpx in which Ok embeds, having chosen an 

EMBEDDING K ^ Bp^L 

By a superspecial order in Bp ^ we mean an order of discriminant pOl- An example of such an order 
is R^z Ol for a maximal order R of Bp^oo- Let if be a primitive CM field such that = L. As before, 
we denote by d a totally negative generator of the relative different ideal T)k/l- In this section we classify 
the superspecial orders in which Ok embeds, relying on the results in the previous section and making 
the particular choice of local signs e(a, q) = (— 1)™^^^''), where q < Ok is an ideal such that <^Ok ~ q^, 
and we denote the corresponding A by An. Our classification of these orders will be achieved through the 
following series of lemmas. 

Lemma 5.1. Let Ri, R2 he two superspecial orders in Bpx- Then Ri = R2 over K 3/i G K such 

that Ri ~ /ii?2/^~^- 

Proof. By Skolem-Noether, Ri ^ R2 3ii £ l such that i?i = pLR2pL~^ . This is a A"-automorphism 

if and only if /i G Cent^p [K] = K. □ 

We make the following choice of local signs for A and introduce the notation Aq. 
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Definition 5.2. For a < Ok, let Xa := A^jj,), w/iere £(a, q) = (— 1)™''*^"-', andq<]OK is an ideal such that 
qOK = q'. 

Lemma 5.3. Given a, A = Aj, as in Definition \5.'A there exists c | d such that R{a, A) = i?(ac, Aac)- 
Proof. R{ac, Xac,i) = R{a, Xa ■ X^_^y^,i~ (,),£) because 

Anc-(-ir'^("^^Aq niodq,Vq|d, 

so 

A,, = A„(-ir'^(^) modq,Vq|d. 
So as c ranges over the ideals dividing d, we get all sign vectors £(a) that appear in the left hand side, and 
each one once. □ 

Lemma 5.4. Fix {bi, . . . , b^} representatives for the class group of K and the choice of local signs as 
above. Then every i?(o, Xa) is isomorphic to i?(b, Ab) for some b € {bi, . . . , hh\- 

Proof. Let ^ e be such that b = /ia for some (unique) b £ {bi, . . . , b/j}. 

/.-ii?(a,A„)/i= jl^''^' (^^^'^^ ^) (^^ ^^■.aeV-\peV-^A-^a-^a,a = XaP mod Ok| ■ 



by setting b = ^(3, this is equal to 



'if ] : a e /3 € P^iy^^^a^^a, a = A„/3 mod 



because b = jia, 



" ^ ) : a e P^Sfe e X'"^y^"^b"^b,a = A„^6 mod 
aopb a J /i 



e V-U-'a-'a^ = V-^-'b-'b, 
fj. /i 



anda = A„§^/3 = Ac§6 mod O^. 

Now it remains to show that a = Xa=b mod '^=^ = At,& mod Ok- Equivalently, 

(Vda) EE Xa^iVdb) mod q, Vq | VdOx (^a) = Ai,(Vd6) mod q, Vq | VdOx- 

This can be checked in Ok~, for every q. The point is that (_i)vaiii{ii) ^ (-_j^)vaiii(a) . (^_iY!.\^^{p.) ^ 

it is enough to show that | = mod q. This follows from the fact that Ok-^ = ClJtt], with 

tF = — TT, so writing fi = ■ u, u Cz 0^__ , we have u ^ u mod q, and 

= = (-1) = = (-1) mod q. 
H u 

Thus, we have proved that ii~^R{a, Xa)fJ, = R{iia, A^o). □ 
Lemma 5.5. i?(a, Ao) = i?(b, A^) ■^==> a^^a = b^^b anrf Vq | d, valq (a) = valq(b) mod 2. 
Pivof. ■<= obvious. 

(^) Let (3 e V-^A^^a^^a and let a = Aa/3. Since Aa^l'^a-^o C Ok, it follows that a e p-^. 
Therefore [a,^] G R{a,Xa) = i?(b,Ab) and so /3 G V'^A-'^b-'^b. Therefore p-U-^a-ia C p-M-^b-^b. 
By symmetry we have equality. 

Furthermore, since [Aa/?,/3] G i?(b, At,), we have 

Aa^ = Ab^ mod Ok, eV-^A^^a^^ a. 

Otherwise said, 

^(A„-Ab)=0 mod OK,yp eV-^A-^a~^ a, 
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and this implies 

= mod V^^A^^a^^a. 

We conclude that 

Vq \ d, \a = A[, mod q, because (P, ^aa^^) = 1). 

It follows that 

Vq I d, (-i)vaiii(c) ^ (^_^Y^i~,{b)^ 

□ 

Lemma 5.6. For b, b' e {bi, . . . , bh}, Rib, Xb) - i?(b', Ai,') b = b'. 

Proof. ■<= obvious. 

Suppose i?(b,A(,) = /i^^i?(b', Af,')/^ — ^(z^&'i A^b')' (this second equality was proved in Lemma 15.41 
above). By Lemma |5.5[ this implies that 

b-ib = b'-i^^ 

or 

An ideal f < Ok satisfies f = f if and only if f = j • Y[q\d j G L. Indeed, write f as a product of inert, 
split, and ramified prime ideals. Inert prime ideals are generated by elements of L. Split prime ideals must 
appear in the factorization to the same power as their complex conjugate, because of the condition f = f. 
Thus it is actually some power of their norm which appears, and that is also generated by an element of 
L. What remains is a product of some ramified primes. 
Applying this to the ideal f = b'b^^/i, we find that 

Note that i?(/ib', A^t,') = ^(^&', Aitt,')) so we can replace ^ by /x/j to obtain i?(b,Ab) = i?(/xb', A^b') with 
/ib' of the form 

Mb' = nq"(^)-b. 

Now Ab = Apb' implies that each s(q) is even, so /ib' — kb for some k <E K . Thus b' = b because they are 
already representatives for the class group. □ 

Lemma 5.7. Any superspecial order R D Ok is isomorphic to some i?(a. A). 

Proof. Let c be a prime ideal of L. For any ideal o of Kci define orders R^{a,\a) of {Bpx)c exactly 
the same way as for i?(o. An). The orders have the same properties that were proved for the R{a, At,) in 
Proposition 14.21 independent of the choice of A, conductor pOl^ • 

Then, for an ideal o of K we have R{a, \a)c = R'^{<^c, Ao,). Let R be an order of Bp,L that contains Ok, 
of discriminant pOl. For every c, the order R^ is an Eichler order of discriminant pOl^, as is the order 
R{0, Ae))c, where O represents the trivial ideal class. For every c there is a /Xc G {Bp^L)c such that 

R,= fi-'RiO,Xo)c^ic, 

because Eichler orders of the same discriminant arc locally conjugate. Furthermore, for almost all c, 

and the same holds for R{a, Aa). Now it is enough to show that we can choose E for all c, because 
in that case 

i?, = fi;^R{0, Xo)cf^. = i?^((/ic), A(^^)), 

for a collection of elements 

{fic ■ c < Ol prime , /ic = 1 for almost all c, jUc G } . 
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Therefore, there is an ideal a oi K such that, for all c, = (/ic). The two orders R and i?(a, Ac) are equal 
because they are equal locally everywhere, and we are done. 

To show that we may choose e for all c, we use |Vig[ Theorems 3.1, 3.2, pp. 43-44], to produce 
an element such that 

(i) ly-^{|J.~^R{0,Xo)c^J■c)'^c = AojcA^c = -Re, and 

(ii) the embedding of Ok^ into is the embedding of Ok, into R{0, Xo)c conjugated by i^cA^c- 
Since conjugation by i^^Mc fixes pointwise, this implies i^cMc commutes with A%, and so Vcfic S ■ I— ' 

Our conclusion is that isomorphism classes of superspecial orders of Bp^L in which Ok embeds are the 
isomorphism classes of -R(a, Au). Thus we have proved the following theorem: 

Theorem 5.8. Fix an embedding of K ^ Bp ^. The isomorphism classes of the superspecial orders in 
which Ok embeds are in bijection with the ideal class group of K via the map 

[o] ^i?(a,A„). 

Remark 5.9. In the case L = Q, Theorem [HH] provides a different proof for the main theorems of Dorman's 
paper on global orders in definite quaternion algebras |Dorlj and corrects several errors and gaps in the 
proofs there. For example, we correct the missing condition on the integrality for XT>~^A~^a~^a and the 
resulting mistake in proof of Proposition 2, and we give a different proof of the 1-1 correspondence. 

6. Main theorems on counting formulas 

6.1. Assumptions and notation. Let L be a totally real field of degree g of strict class number one, 
p a rational prime which is unramified in L, and K a primitive CM field with = L. Using the same 
notation as in Lemma [2.2[ write the ring of integers of K, Ok = OlW, where t^ + at + b = ior some 
a,b G Ol, and the different V — Vk/l — (Vd), with d = — 4b a totally negative element of O^. 

Assume as in Proposition 13.21 that all primes p G S\So split in K and all primes p £ Sq are inert in K 
and that the discriminant O^/l = (d) satisfies (d, 2) = 1 and {d,p) = 1. Let ao G Ol be a totally negative 
prime element such that 

'd, uqp^ 



BrtJ, = 



L 



where (ao, 'i-pd) = 1, ao = p mod q for each q | d, ao = 1 mod p, and uoOk = A ■ A. 
Let a be an integral ideal of Ok- For each q | d, fix a solution Aq to 

(6.1) = aop mod q. 

Let e(o, q) € {±1} be a choice of sign Vq | d. Let A £ Ol be such that 

(1) A = £(a, q)Aq mod q, Vq | d 

(2) A^^^a^^o is an integral ideal of Ok- 
For I £Ol such that {£, aoda^^o) = 1, let 

R = i?(a,A,£) = {[a,/3] | a G £ P^U^^fa^^a, a = A/3 mod Ok}- 

6.2. Counting simultaneous embeddings. Let K' be another CM field, with Ok' ~ Ol[w] and 

discK'/L = (Tr(w)2 - 4Norm(w)) = (d') 

generated by a totally negative element d' of L. Then, following Gross-Zagier |GZj . we are interested in 
counting 

Sia,X,£) = \[a,f3]^ ( "-^ e i?(a, A, ^) : Tr[a, /3] Tr(w), Norm[a, /3] = Norm(w) 



^aoP/3 a 

We follow Gross-Zagier very closely. Let [a, /3] be an element of this set. Since 

Ok-Ol+Ol-^-±^ = i'=^^±^^^^:k,l,eOL 
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we can write a € in the form a = '^^y^ i h, h S Ol, with I3 — aU = mod 20l, and in this 
notation, Tr^a) = Tr([a,/3]) = I4. So 

X + Tr(i(;)-\/d 
a = ^ , 

where a = — Tr(t), and 



x e Ol, X- aTr{w) = mod 20l, 

i 



Vd 

Since 

Norm[Q;, f3] = dct[Q;, /3] = aS — aopPP 

X + Tr(i(;)-\/d x — Tr(?«)\/d 



aoP— 377 



2^/d -2Vd -c' 

''^ - Tr{wfd - 4aop^^77] , 



-4d^ 
it follows that 

— d[4Norm(u') — Tr(w)^] = x^ — 4q!oP^^77- 
So an element [a, /3] of the set S{a, A, gives rise to a solution (x, 7) to the equation 

dd! ~ x^ — 4q!oP^^77, 

with 7 G ^~^a~^a, and x £ Ol, x = aTr{w) mod 20l, where x^ — dd' is a totally negative element of 
Ol because ao is. Call this set of conditions on x conditions C. 

Our analysis allows us to define a function (f) : S{a, A, £) — >■ Si (a, x, t) that sends [a, /3] i-> 7 (it is used in 
the proof of Theorem 16.51 below), where the set 6*1(0, x, t) is defined for an integral ideal a and x satisfying 
conditions C by 

5i(a,x,£) = {7 e ^-^a-^a : Norm(7) = 77 = ^— ^}. 

For 7 € A~^a~'^a, the ideal generated by 7 can be written as (7) = ^^^a^^o • b, for b an ideal of Ok, 
and Norm(b) = aoNorm(7). We let 62(0, be the set 

7.2 _ fjfji 

S2{a, X, £) = {b < O/f : Norm(b) = — b - aM}. 

4p«^ 

Proposition 6.1. T/ie map from Si{a,x,i) — > 62(0, x,^) which sends 7 i-> b-, = (7)^aa~"'^ is a surjective 
[wk ■ l]-map, where wk equals the number of roots of unity in K . 

Proof. To show that the map is [wk : 1], we first show that = hs ^^=^ 7 = A'^, where /i is a root of 
unity in K. Since b^ depends only on (7), the direction <;= is clear. Now if = bs, then (7) = {5), so 
J = IJ.S for some /i e Ok^ , but also Norm(7) = Norm((S) = Norm(yu) •Norm(7) Norm(yu) = 1 yu G pK- 
Next we show that the map is surjective. Given b £ S2{a, x, £), let 7 be a generator of A^^a^^ab. Then 
7 G ^~^a^^a and 

(Norm(7)) = (77) = i^^^^)- 

Therefore, there exists a totally positive unit e' e Ol^^ = Cl^^, e' = e^, such that 

, _ _ x2 - drf' 
4aoP^2 ■ 

Changing 7 to £7, 



_ X 

77 = 



2 dd' 
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So 7 € Si{a, X, i), and since it is still true that (7) = A ^afa, it follows that b-y = b. □ 
Now given an element 7 of 6*1(0, x, £), we can construct elements of S'(a, A, £) as follows: Let 

x + Tiiw)Vd ^ e 

a = ^ , p = ^7. 

2Vd Vd 

First, we note that a G V'^ -i=^ x+Triw)Vd ^ x e Ol, x = aTr(w) mod 20l, which 

holds because x satisfies conditions C. 

Next, note that (3 = -^7 e V^^A^^la^^a 7 e A^^a^^a, which holds by the definition of the set 

5'i(a, x). 

It remains to check that the congruence a = A/? mod Ok is satisfied. Since 7 G Si{a,x,£), 

- 4aop€^77 ^ dd' = mod d. 
Next, the congruence A^ = a^p mod d implies that 

- iaopf^^ + 4€^77(aoP - A^) = mod d, 

and so 

x'^ - 4A^^^77 EE mod d. 

Therefore, 

(a; + TT{w)Vd){x - TY{w)Vd) - AX^l^-f^ = mod d. 
Using X + Tt{w)V d — 2\fda and ^7 — \fdfi, we get 

-4(i(aS - A^/3^) = mod d. 
Since (d, 2) = 1 it follows that aa. = A^/3/3 mod Ok- Now, a and A/3 belong to V^^ = -^Ok and hence 

ai := •y/da, /3i := \QX(3 

are in Oa' and wc have aiai = /3i/3i mod d. Equivalently, this relation holds modulo all ideals q of Ol 
dividing d: 

(*) aiSi = PiPi mod q, Vq | d, q < Ol- 
Let q < O/f be a prime such that qO/c = q^- Then OkI(\ — Ol/c[, and complex conjugation hence acts 
trivially mod q. So (*) is equivalent to 

a\ = 0l mod q, Vq | dOA', q < Ok, 

which is equivalent to 

ai = ±/3i mod q, Vq | dOA, q < Oa- 
So this shows that there exists a choice of signs e(a, q), and a A depending on this choice, for which the 
congruence condition is satisfied, and [a,f3] G S'(a, A,^). However, for any ideal q for which a; = mod q, 
both signs will work. This motivates the following definitions and theorem. 

Definition 6.2. (1) For x £ Ol, let S{x) = 2#{^M^=^=o 1}. 

(2) Call e{a) a vector of signs {e(a, q)} and let Xe{a) G be an element such that 

(a) Ae(n) = e(o, q)Ac mod q, Vq | d 

(b) A£(g)^~^o~^a is an integral ideal of Ok- 

For any such \e{a) we have associated orders R{a, Xe{a)T^)- 

(3) LetT = if{q\d}. 



For clarity, we also repeat previous definitions. 

4pi 



Definition 6.3. We say that x e Ol satisfies C if x = aTr(ui) mod 20l, ^^4„fi' G Ol, and x^ — dd! is 
totally negative. 

Definition 6.4. For a < Ok, let = Ae(a), where e(a, q) = 



A GROSS-ZAGIER FORMULA FOR QUATERNION ALGEBRAS OVER TOTALLY REAL FIELDS 



19 



Theorem 6.5. 

(1) 5]#5(a,A,(„),^)= S{x)-#Si{a,x,i)=WK S{x) ■ ^S^ia^xJ). 

e(a) X satisfies C x satisfies C 

Furthermore^ 

(2) E#^('^'^-(")'^)= E *S{ac,X,,J). 

c<Ok 

Proof. To avoid confusion, we remark that in (1), the first summation is a sum over 2"^ elements, one 
of them being ^S{a, Xa,£)- The second equahty of (1) fohows from Proposition 16.11 To prove the first 
equahty in (1), we refer to the construction given above of the map (/) S{a,X,£) — > Si{a, x, £). It can be 
extended to a map from 

</): [j5(a,A,(„),^)^ 11 Siia,x,e). 

€{a) a: satisfies C 

We claim that is a surjective map which is [d{x) : 1]. Given an element 7 of Si{a, x, £), we constructed 
above, for some possible choice of signs e(a) determining A, an element of S{a,X,£), 

x + TT(w)Vd ^ e 

For any ideal q | d, let fi(x,^) e {±1} be such that ai = fi{x,"/)/3i mod q, where ai ~ sfda, f3i = \/dX/3. 
Given e(a), we have 

a = A£(n)/3 mod Ok ■^=> 

Vq I d, either ai = /3i = mod q or /3i ^ mod q and e{a, q) = ^{x, 7) mod q. 

It follows that for a given (x,^), the number of sign vectors e(a) such that a = Xg(^a)P niod Ok is equal 
to 

2#{nM:Vt^a^0 mod q} 

Now since valq(\/da) = valq(a; + TT{w)Vd) > min{valq(x), valq(Tr(u')A/d)}, it follows that 

va\^{Vda) > ■^=^ valq(a;) > ■^=» valq(a;) > 0. 

So the number of sign vectors e{a) such that a = X^(^a)P mod Ok is equal to 2#^''l'^-^=° 

The second assertion in the theorem follows from the same argument given in the proof of Lemma l5.3l □ 

7. EnDOMORPHISM RINGS OF ABELIAN SURFACES WITH COMPLEX MULTIPLICATION 

Let K he a. primitive CM field of degree 4 over the rational numbers. Let W = W{¥p) be the Witt ring 
and let 

{A,L : Ok ^ Endiv(A)) 

be an abelian scheme over W of relative dimension 2, such that A (mod p) is superspecial. Assume further 
that p is unramified in K. Then, R := Endo^^ {A (mod p)) is a superspecial order of the quaternion algebra 
Bp,L fNi52l Prop 4.1]. 

Theorem 7.1. One has 

Endo,,w/{p'^M (mod p")) = Ok+p''-'R. 

This theorem is a generalization of a theorem of B. Gross that deals with the case of elliptic curves 
|Gro) . but our method of proof is different; it is based on crystalline deformation theory. 

Consider A (mod p"). We have an identification: 

Hi^(A (mod p")) - H'crysiA (mod p)/W) ® W/{p"). 
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Using that — >• W/{p") has canonical divided power structure, we conclude that the deforma- 
tions of A (mod p") to an abelian scheme B over W/{p"'~^^) are in functorial correspondence with direct 
summands of Hcrysi^ (mod p)/W) (S> Vr/(p"^^) such that the following diagram commutes. 

M C H^rysi^ (mod p)/W) ® W^/(p"+') , 



mod 



mod p" 



o;^ („,odp") ^ ^c.,s(^ {mod p)/W)®W/{p^^) 

where (mod p") ^re the relative differentials at the origin of A (mod p"). 

We shall show that there exists a unique such B to which the Oi^-action extends, namely, a unique M 
fixed under the Ok action on Hq^^^IA (mod p)/W). We may conclude then that for that M there is an 
isomorphism 



p 



(7.1) EndoJA (mod (»z Z; 

^ Endo^ (Af C i?crys(^ (mod p)/W) ® H^/(p"+i)) n Endo^ {A (mod ®z Zp. 

Wc then calculate the right hand side and find that it is equal to {Ok + p^R) <E)z ^p- Since we know a 
priori that 'Enda^{A (mod p"^^)) has index equal to a power of p in i? (see [GL41 Proposition 6.1]), our 
theorem will follow. 

First, the uniqueness of M is easy to establish. We have an isomorphism of Ok ®i W modules, 

HlysiA (mod p)/W) = (B^eEmHOK,w)W{^), 

where W{(p) is just W with the Ok action given by (p. Since p is unramificd, for all n > 1, W{lp) ^ W{(p') 
(mod p") as Oif -modules, for any distinct (p, (p' G Emb(C'i<-, W). If $ is the CM-type of A it follows that 
if M is a direct summand of rank g, which is an O^-submodule, then Af must be ®ip£<s>W{(p) (mod p"''^^). 
Let Rn = Endo^ (^ (mod p")). We prove by induction on n that 

Rn^OK+p"''R- 

As remarked, it is enough to prove that after p-adic completion, and, in fact, wc actually calculate the 
right hand side of (|7.ip . The case n = 1 is tautological. 

Since wc assumed that A (mod p) is superspccial and p is unramificd in K, there are according to |GL4] 
Table 3.3.1 (ii). Tabic 3.4.1 (iii), (iv). Table 3.5.1 (iii), (vi), and the results of C.-F. Yu [S], precisely 
two possibilities for H^^y^{A (modp)/W^), equivalcntly for the Dieudonne module of A (modp), as an 
Ok ®i Zp-module. Our calculations are done separately, according to these cases. 



Case 1 In this case, the completions at p of the rings are 

Ol,p = Zp Zp, ^K,p = Zj,2 Zp2 , 
where we are writing Zp2 for W{¥p2). The Dieudonne module D is a direct sum of Dieudonne modules, 

D = Di ® ©2, 

where for i = 1, 2, has a basis relative to which Frobenius is given by the matrix 



xl 

and the i-th copy of Zp2 in Ok,p acts on Bi by 

' a 

a" 

and on Bi+i (mod 2) by zero. (Here a is the Frobenius automorphism of Zp2.) Clearly, 

Endoi(]D') = End(ei) x End(B2), 
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and, as one can easily check, 

End(ID),) = {(r :«,/3emV)} 
(The restriction on the entries ( ° ^ ) comes from the identity 



'ab \ (Op) ^ (Op) (a'^ b'^ 



that an endomorphism of the Dieudonne module must satisfy.) 

Now, for every n, lOj^ (^^^^ p„>) = Span^^/(p„){( f )}©Span^^/(p„-){( " )} in the decomposition B = DiffiD2- 
By induction, the cndomorphisms in Ende)j^(D) preserving [mod p") 

[Ok+p'^-'R) ^-l^p = {((p. '7) , (p.-".,. ;"/)) : «,/3,7,'5 e M^(Fp.)} . 
The conditions for an endomorphism like that to preserve w^j (jaoA p"+i) ^.re that the vectors 

/ a p"'Si\ / o\ ( 7 \ (0\ 

are a multiple of (J) modulo p""*"^. This is the case precisely when /3 (respectively, S) are in -pW . Thus, 
End(A (mod ®i Zp = (O/^- +p"R) ®i Zp and the proof is complete in Case 1. 



Fr 



Case 2 In this case, the completions at p of the rings are 

Ol.p == Zp2 , Ok.p — Zp2 Zp2 , 

where Zp2 is embedded diagonally in Zp2 0Zp2. The Dieudonne module has a basis {ei, 62, 63, 64} relative 
to which 

/O p 0\ 
1 
10 

\o p oy 

The element (a, 6) £ Ok,p acts by the diagonal matrix diag(a, 6, a°', 6°'), and so a G Ol.p acts by 
diag(a, a, a" , a"). Change the order of the basis elements to get a new basis {ei, 64, 63, 62}. Then Frobenius 

/ pl2\ 

is given by ( ^ / ' ^^'^ ('^' ^) ^ '^■f^.p ^^^^^ ^^"^ diagonal matrix diag(a, 6'^, a'^, 6), and so a G Ol,p 
acts by diag(a, a"^, a"^, a). 

The conditions for a matrix ( ^ g ) £ M4(W^) to be in End(ID)) are ( ^ |^ ) ( ° ^0' ) = ( I ) ic' d') 
and so we find, 

End(©) = I (^^ ^^J) :A,Ce AhiW 

The condition for such a matrix to be in Endo^^ (D) is that it commutes with all matrices of the form 
diag(a, a"^, a'^, a) where a runs over M^(Fp2). An easy computation gives 

Endo^(©) = I (^^ ^^cT^ : diagonal matrices e M2(VF(Fp2)) 

We have ^jj^^^ p,,^ = Spanjes, 62}, where 63, 62 are the last 2 vectors in the current basis. One argues by 
induction, as before, to prove that the cndomorphisms in Ende)j^(D) preserving (mod p") precisely 
those of the form 

p"^iC ^'T^"^ ■ diagonal matrices e M2(VK(Fp2))| 9i {Ok+p"~^R) ®i Zp. 
That completes the proof of Case 2 and, hence, of the theorem. 
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8. Geometric interpretation 

Let W = W{¥p) and Q = W Q; Q is the completion of the maximal unramified extension of Qp. 
Assume that p is unramified in K and consider the functor on M^-schcmes associating to a VK-scheme S 
the isomorphism classes of triples 

(8.1) A^iA,i,r,), 

where A —> 5 is an abelian scheme of relative dimension g, l : Ok Eiids(^) is a ring homomorphism 
and is a principal polarization of A inducing complex conjugation on K . Arguments as in jGLl] show 
that this functor is represented by an etale scheme over W, whose complex points are in natural bijection 
with ^ X C\{K), as described in Proposition 12.41 In particular, isomorphism classes of A over Fp as in 
(j8.1|) are also in bijection with x C\{K))/ ~ once we have fixed an identification of Hom(i^, C) with 
Hom(/f,Q;). 

Consider pairs {A, l) over Fp such that ^ is a (^-dimensional abelian variety and l : Ok End(A) is 
a ring homomorphism such that (A, l\ol) satisfies the Rapoport condition. One knows that there exists 
a principal OL-polarization rj on A, unique up to isomorphism. We claim that 77 automatically induces 
complex conjugation on K. This can be verified by case- by-case analysis using Lemma 6 of |Cha| . 

8.1. Isomorphisms of CM abelian varieties. Now, fix another CM field K' whose totally real subfield 
is L. Consider {A, la ■ Ok End(^)) and {A',la' ■ Ok' End(A')) over Fp, and assume that we are 
given an isomorphism 

We then get an embedding 



ja : Ok' End(A), ja{r) ^ a ^oLA'{r)oa. 

If j3 : (A, tyiloj^ ) — > [A' ^ iA'\oL) is another isomorphism, then /3 = 7 o a, where 7 G Aut(j4', t^/ joj^) and 
ij3{r) = a~^o^^^oLA'{r)o^oa, which gives us another embedding of Ok' into End(A). The embcddings are 
equal iff 7"^otA/(r)o7 iA'{r) for all r e Ok'-, iff 7 G CentEndO(A')('^'^'')'^^^*((^'' ''A'\ol)) = ^k'- (Here 
CentEnd°(A') (^') denotes the centralizer of K' in End°(y4').) Thus, each isomorphism class of {A'^la') 
such that (^, i^loi.) — (^'i '-A'loi,) gives us 

^{A^xi{{A',LA^o,))/Ol,) = ^{kvX{{A,LA\o,))/Ol,) 

distinct embeddings of Ok' into End(A). 

8.2. Counting isomorphisms in the superspecial case. Now assume we are in the superspecial 
reduction situation and fix an isomorphism, 

Endo J A) = i?(a, K), 

for some unique a < Ok f Lemma 15.71 Theorem 15. 8p . Then, writing Ok' = Oiiw] as before, to give an 
embedding Ok' — > End^^^ {A) is to choose an element [a, /3] G i?(a, Aa) with trace equal to Tr(a;) and with 
norm equal to Norm(a;). That is, an element of the set S'(o, An, 1). Such an embedding makes {A, iA\oL) 
into an abelian variety with CM by Ok' , and so the embedding Ok' — > Endo^^ (A) arises via a particular 
isomorphism 

(A, la--Ok~^ End(A)) ^ {A', l' : Ok' End(A')) 
(where, in fact, we may take A = A' and i' restricts to la on Ol)- We conclude that 

.^pf^.'tx'/!ox A = «{(^''^^' ^ EndoJA'))/Fp : (A',M'|oJ ^ {A,la\oJ}- 

(where on the left hand side, we consider {A\la' ■ Ok' Endci^(A')) up to isomorphism with CM by 
Ok', of course). Exactly the same analysis is vahd over W/{p^), and using that Endvy/(p,.) (A, tjO^) = 
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i?(a, Aci,p" "'^), as follows from Theorem 1 7. 1[ we get that 

8.3. Counting formulas for the number of isomorphisms for superspecial CM types. Now fix 

a superspecial CM type $ of A'. We consider representatives A — [A, la ■ Ok End(y4)) for the 
isomorphism classes with CM type 3>. For each such A, we may choose an isomorphism 

/A:End^(A)^Bp,L, 

and hence get an embedding 

By Skolem-Noether, we may conjugate the identifications /a so that the embeddings /a o (-a are the same, 
and in fact, this will be the case if /a and /a are related by a CM isogeny to begin with. Then, for 
every A, /A(Ende)^ (-A)) is a superspecial order containing Ok- This order is uniquely determined by A, 
up to conjugation hy . 

By our results, the representatives for these orders modulo conjugation by are precisely the orders 
R{a,Xa) as a ranges over representatives for C\{Ok)- We therefore conclude: 

Theorem 8.1. 



(8.3) ^#^(a,A„,p"-i) 



E„ / Endo^^,y/(p„)(A)^ \ J A' with CM by Ok' such that 
*\ Ol, (A',M'|oJ = (Am|oJ 



A/(W/{p")) 
with CM type 



( Of course, the A! are taken up to isomorphism.) 

If we wish not to fix a CM type on K, we get the following: 
Theorem 8.2. 

(8.4) (#superspecial CM types) x ^ #S'(a, Aa,j5""^) = 



E ^ Endgi^^ty/(pr.)(A)^ ^^ ji / — ■^"^'^ ^'^"^ 

*[ O^, )'*[ (A',M'|oJ = (Am|oJ 



A/(W/(p")) 
with CM by Ok 



8.4. Counting formulas for pairs of embeddings into superspecial orders. The left hand side of 
l|8.3p . for n = 1, has another interpretation. Consider a pair of embeddings l : Ok R and l' : Ok' R 
into a superspecial order R such that both restrict to a fixed, given embedding of O^ into R. We call it 
an optimal triple {l,l',R). We say that {l,l',R) are conjugate to {j,j',R) if there exists t G such 

that t-^Rt = R and t-'^L{x)t = j(x), for all x € Ok"" and t''^L'{x)t ^ j'{x), for ah x e O^,. 

To count the number of conjugacy classes of triples, let us fix an embedding / : AT — > Bpj^. Then any 
optimal triple is conjugate to (/jOii-', t', i?), where R is a superspecial order containing I{Ok)- We may 
still conjugate by and so assume that R = i?(o, Ac) for some a. We may still conjugate by Ok^ and 
if K 7^ K' that induces a faithful action of Ok^ /Ol^ on the embeddings l' : Ok' -R(ct, Aa) if they exist 
at all. We conclude that 

#{Ok^ /Ol^)~^ ^ #'S'(a, Aa, 1) = #{optimal triples up to conjugation}. 



Finally, we note the following corollary: 
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Corollary 8.3. 

(8.5) 7^{optimal triples up to conjugation} = 

a 

with CM type ^ 

J A' with CM by Ok- such that 1 

#\ (A',m'|oJ = (Am|oJ /■ 

If we multiply the whole set of equalities (|8.5p above by the number of superspecial types for K, we 
may be justified in calling the new right hand side of (jS.Sp the "coincidence number of K and K' at p" , as 
it counts the number of coincidences between abelian varieties with CM by K and abelian varieties with 
CM by K' in characteristic p, once one considers them as abelian varieties with RM only. 

9. The connection to moduli spaces 

In their paper jGZj . Gross and Zagier give a beautiful formula. Let Ei and E2 be two elliptic curves 
over W = W{¥p). Let ji be the j-invariant of Ei. Their formula is: 

valpOi - h)^\Y ^lsoT[in{Ei,E2), 

n>l 

where Isom„ denotes the isomorphisms between the reduction of Ei modulo (p"). 

The proof Gross and Zagier provided is through direct manipulations of Weierstrass equations. A more 
conceptual proof was given by Brian Conrad in |Conj . The proof makes essential use of moduli spaces, 
but uses many features unique to modular curves and, hence, is not readily amenable to generalization. 
This result is the basis of interpreting their theorem on J{d,d') and ord\ { J {d,d')) (cf. Introduction), as 
an arithmetic intersection number. It thus remains a question of how to give an interpretation for our 
theorems, Theorem 18 . 2 1 for example, as an intersection number of CM points on Shimura varieties. 

One possibility is to use Shimura curves associated with quaternion algebras over totally real fields, split 
at exactly one infinite prime. This approach entails using the p-adic, not-quite-canonical, models for these 
Shimura curves, following Morita, Carayol and Boutot-Carayol. The other possibility is to view these CM 
0-cycles as lying on a Hilbert modular variety. This approach is complicated by the fact that there is no 
"robust" definition of the arithmetic intersection of 0-cycles (1-cycles on the arithmetic models) once their 
co-dimension is bigger than 1. This calls for an ad-hoc approach and it has its own challenging problems. 

For now we will replace the notion of an intersection number with something less precise, and define 
instead a coincidence number, which does not reflect the power to which various primes may appear in 
the differences of invariants, but at least reflects whether a prime appears or not in the factorizations of 
the differences of invariants. In Section [12] we will give an example to illustrate the coincidence number in 
computations. 

Let L be a totally real fleld with strict class number 1, and Ki,i = 1,2, two CM fields containing L as 
their maximal totally real subfield. Let p be a prime, unramified in both Ki,K2. For each CM field we 
can associate a zero cycle, CM{Ki), on the generic fiber of the Hilbert modular variety Hl parameterizing 
principally polarized abelian varieties with RM by Ol (see Section [273]) . Each point Xrj in CM{Ki) can 
be extended to a M^(Fp)-point x on Hl (see |GL41 Lemma 2.3]). This implicitly depends on a choice of 
a prime p in a common field of definition for all the CM abelian varieties under consideration. We write 
CM(_ftri) = Xi, CM{K2) = J2j Vj- We then define the arithmetic coincidence number (for lack of better 
terminology) of CM(ifi) and CM{K2) as 

CM(i^i)ACM(X2) =J2x,^yj 

ij 



/End, 



[AY 
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where Xi^yj is defined as 1 if Xi and yj have isomorphic reduction modulo p, and as zero otherwise. In 
this notation, Thcorem l8.2l imphes the foUowing: 



M 



Corollary 9.1. The contribution from a primen of superspecial reduction to CM(Ki)^CM{K2) is equal 
to (^^superspecial CM types) x #'S'(a, Aq, !)□ This number, and in particular whether it is zero or not, 
can be effectively calculated. 

10. SUPERSINGULAR ORDERS 

Theorem 10.1. Letp be a rational prime and k an algebraically closed field of characteristic p. Let K be a 
quartic CM field and let L — K'^ be its real subfield. Let A/k be an ahelian surface which is supersingular, 
but not superspecial, with complex multiplication by Ok- Let O = Endoi^i-A), where the endomorphisms 
are over k. Let Bp oo be the quaternion algebra over Q ramified at only p and oo and let Sp,L = -Sp,oo 'S>qL. 
Then O is an Eichler order ofBp L of discriminant p^ . 

Proof. Let H he a quaternion algebra over a number field F and let R be an order of H, containing Op- 
Recall that R is called an Eichler order if it is the intersection of two maximal orders. This is a local 
property |Vig[ p. 84]. If F denotes now a non-archimedean local field with uniformizer tt, then an order 
of H, containing Of, is Eichler (namely, is the intersection of two maximal orders of H) if and only if it 
is conjugate to the order 

■ Of Of" 
yOF Of, 
for some positive integer n |Vig[ p. 39]. 

We wish to find the completion of O at every rational prime ideal i oi Ol- 

First, since there exists an isogcny of degree a power of p between any two supersingular abelian 
surfaces A, A' , with real multiplication, respecting the real multiplication structure |BG| . for ( | p, we have 
Ol := O ®Ol = Oj, where O' = Endo^ {A'). We may choose for A' the surface E®j^Ol, where E is 
a supersingular elliptic curve with R = End{E) a maximal order in Bp ^o- Then O' = End(A') = R(E)z Ol 
and so O' and O are maximal orders at I. 

We remark that according to the classification of the reduction of abelian surfaces with CM, the situation 
we consider occurs if and only if p is inert in K. That is. in the following cases: 

(a) K/Q is cyclic Galois and p is inert in K (case (iii) in Table 3 of |GL4j ): 

(b) K/Q is non-Galois and p is inert in K (case (vii) in Table 5 of [GL4j ). 

Following the conventions of |GL4| , the Dieudonne module of the p-divisible group of the reduction of A 
modulo pL is 

D = W(l) © W(y2) ® W(y) ® W(?/^), 

where W(q;) denotes the Witt vectors of Fp where Ok acts through the embedding a : K Qp. Let a 
denote the Frobenius automorphism of W. Then: 

(a) Ol acts on B by ^ diag(£, ^, cr(£), cr(^)), and 

(b) Ok acts on D by fc i-^ dia.gik,a'^{k),a{k),a^{k)). 

The p-adic CM type is {1, j/^}, according to our conventions, but since the situation is symmetric, we may 
assume that the p-adic CM type is {1, j/}, and so Frobenius is given in the standard basis by the matrix 



Fr : 



By a theorem of Tate, End(A) Zj, = End(D), where on the right the endomorphisms are as Dieudonne 
modules (cf. |WM1 Theorem 5]): namely, in this case, W-linear maps D ^ D that commute with Frobenius. 



/o 








1\ 








p 





p 











^0 


1 








^Likewise, the notion of superspecial CM types depends on the implicit choice of p. 
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In the same way, 

Op = Endo^ (A) ®Or, Olp = Endo^ (A) ®i Zp 9S Endo^ (B). 

Since Op commutes with Ol, one finds that Op is given by block diagonal matrix with blocks of size 2. 
Writing the general such matrix as 



M = 



/mil "ii2 

m2l 77122 

V 



nil "12 

7721 "22/ 



the condition M ■ Fr = Fr • cr(il/) gives, after a short computation, 



/ mil "7-12 

9 „2 2 

P "^12 



v 



"7n ^"7^2 

pml^ mil I 



m,j e W(Fp4) 



Since p is inert in L, the quaternion algebra Bpj^ is ramified only at the two places at infinity. In particular, 
Bp^L ®L Lp = Af2(Qp2), where Qp2 W(Fp2) 0^ Q. To determine the nature of Op, we want to recognize 
it as a suborder of Af2(W(Fp2)). 



The case p ^ 2. Put 



1 



p- 



] = 



where a is chosen such that W(Fp4) = W(Fp2)[Q;] and a"^ ~ ~a. We have then 

—a 



■2 2 

I =p , 



•2 2 



k :^ ij = —ji ~ 



Writing mi = xi + yia, m2 = X2 + y2Ct with x^, j/i £ W(Fp2) wc can write. 



mil "712 

p 777 J 



Xl 



a 



a" 



M + ^2 9 



^2 U^^ 



= Xi • 1 + 2/1 • j + 7:2 • i - 7/2 • fc- 

Conversely, for any xi^yi G W(Fp2) wc get an element of Op. Thus, 

Op = w(Fp2) • 1 e w(Fp2) • i e w(Fp2) • j e w(Fp2) • k. 

Let / = p-^i, J = j, K ^ IJ ^ - JI. Then = 1, = if2 ^ _q,2 r^^g module 

i? = W(Fp2)[l,/, J,A'] 

is in fact an order of Af2(<Qp2) and it has discriminant 1. It must then be isomorphic to A/2(Wp2), and, 
indeed, if we send 



1 ^ 



1 



1 



-1 



J ^ 



K 



we get the isomorphism R = A/2(W(Fp2)). Under this isomorphism Op is mapped isomorphically to the 



order spanned over W(Fp2) by the matrices 
described as 

a b 



a 



pa' 



, which can be 



c d 



a, 6, c, G W(Fp2 ), p| (a -d),p\{h- a^c) 
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Now conjugate Op by the matrix A = 
.1 I a b 



1 a 

-1 



Using 



2A- 



c d 



A 



a + a ^b + ac + d a(a — d) + (a^ c — b) 

a'^{a — d) + a^^{b — a^c) a — a~^b — ac + d 



we find that Op is conjugate to a suborder of 

R' 



V{¥p2) pW(Fp2) 
pW(Fp2) W(Fp2) 

However, comparing the discriminant of Op, which is p^, and of R' which is as well, we conclude that 



Op is isomorphic to R' . Further conjugation by the matrix ^ ^ 
order 

b 

c d 

which is an Eichlcr order of discriminant p^ . 



IIp 



shows that Op is isomorphic to the 



a, 6, c,de W(Fp2),p^|c^, 



The case p = 2. We may find a e W(Fp2) such that a"' = -a and W(Fp4) = W(Fp2)[i±ii]. Indeed, 
for a suitable e £ W(Fp2)>< we have W(Fp4) = W(Fp2)[^], where /S^ + + e = 0. Note that /3 is a unit. 
Take a = -(2/3 + 1). 

To make the analogy with the previous case more visible, we keep using p instead of 2 in most places. 
As before, we let 



ap 



Writing toi = Xi + + a) 12, mi = a;2 + 2/2(1 + a) 12 with Xj, j/j G W(Fp2) we can write, 

mil nT-12' 



1 + j . i — k 

2^1 • 1 + 2/1 • V^1■^ + y2 



and one concludes that 



Op = W(Fp2 ) • 1 © W(Fp2 ) • i © W(Fp2 



1+J 



© W(Fp2) 



2 ' 

i — k 



2 - ■■'--p ' 2 

One can verify directly that the right hand side is indeed an order and its discriminant is p^ . 

The order Op contains the order W(Fp2)[l, i, j, fc] = W(Fp2)[l, /, J, A'], where I = i,J = j/a,K = k/a. 
Note that P ~ p'^,.P = 1, = —p^, IJ = —JI = K. Consider the linear map 



W(Fp2)[l,/,J,/^]^M2(W(Fp2)) 



determined by 



1 



1 



-1 



-2 



One checks that this map is a ring homomorphism and verifies that 



Op ^ W(Fp2 



1 



1 



(l + a)/2 



(l-a)/2 



1 



,2 



(l-«)/2 



(l + a)/2 



Let u = (1 + a)/(l — a) ~ Then u is a unit and 1— u = 2 + u//3isa unit as well. It follows that. 



(Fp2) 



1 





1 



,2 



1 



0/ ' V 1 







a b 
c d 



a,b, c,de W(Fp2),p|6,p|c 



An additional conjugation as in the case p ^ 2 shows that this is an Eichlcr order of discriminant p^ . □ 
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11. A CRUDE VERSION OF GROSS-ZAGIER'S RESULT ON SINGULAR MODULI 



Let A be a g-dimensional abelian variety over a field k. Let L be a totally real field of degree g over Q of 
strict class number one, and let Ki, i = 1,2, be two CM fields contained in some algebraic closure of L 
such that = = L. We allow Ki = K2- Assume we are given two embeddings, 

: K, -> End^(A) Endfe(A) ®z Q, 

such that 

<Pi|l=¥'2|l, ^ (p2{K). 

Lemma 11.1. The field k has positive characteristic p. The abelian variety is supersingular and End" (A) = 

Bp L, where Bp ^ = Bp ao L and Bp oo is "the" quaternion algebra over Q ramified at p and oo. 

Proof. This follows easily from the classification of the cndomorphism algebras of abelian varieties with 
real multiplication as in |Cha[ Lemma 6] ; one observes that under our assumptions the centralizer of L in 
End°(A) is an i-vector space of dimension greater than 2. □ 

Let Oi C Ki be orders containing Ol- The order Oi is determined by its conductor Ci, which is an integral 
ideal of Ol for which we choose a generator a (see jGL3| Lemma 4.1]). In fact, one can write 

Ok, -OlN, 

where satisfies a quadratic equation + BiX + Ci, Bi,Ci e Ol, and —to,; = Bf — ACi is a totally 
negative element of Ol- The relative different ideal T>k./l is equal to OkA^I \f--rni\ ( |GL21 Lemma 3.1]). 
We have Ok,= Ol[k,] 3 OL[V^m\ 2 CipK;], and so 



C ^ Ol^k,] D Ol^V^] 3 Ol[2c,k,]. 

The discriminant of Oi relative to Ol, discni /L{Oi), is equal to the Oi-ideal generated by cfrm and the 
discriminant of Oi relative to Z, disc(C'i) = disc^/Q(C'i), is equal to NormL/Q(cfTOi) • disc(CL)^. (In 
general, we use "disc" to denote absolute discriminant, that is, relative to Z.) 

Let B be any totally definite quaternion algebra over L, that is B ®L,a M is a division algebra for any 
embedding a: L — > M, and let be its discriminant. Let 

LPi : K, B, 

be two embeddings such that ipi\l ~ V2|l and ipi{Ki) ^ Lp2{K2)- Let 



ki = ifl{Cl^J-mi). 

Let O be an order of B, which we assume to contain ipi[Oi), i = 1,2, and hence also Ol (we view ^pi 
as the identity maps on L). Let O"*" be the discriminant of C As in |GL1| . subject to the assumption 
ipi{Ki) 7^ V?2(^2)- one proves the following lemma. 

Lemma 11.2. The Ol module A ~ Ol + Ol^i + C'l^2 + C'Lfci^2 has finite index in O and is in fact a 
direct sum, K^Ol® ©Lfci ® Cife ® OLkik2 ■ 

Theorem 11.3. Let a = Trd(A:ifc2)- Then we have a divisibility of integral ideals in L: 

£)+| (4Nrd(fci)Nrd(fc2) - a^) (in Ol)- 

Furthermore, 

Nl/qI^^) < 4^- 



, ^ ^„disc(0i).disc(02) 



disc(OL)4 
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Proof. The discriminant of the order A relative to L, discs is divisible by the discriminant of O, 
namely it is an integral ideal of L divisible by 0"*". Using the basis 1, fci, /c2j ^1^2 for A, and putting 
a = Trd(fciA:2), we find that the discriminant of A is the Oi-ideal generated by 



det 



/2 








a \ 





2Nrd(fci) 


—a 








—a 


2Nrd(fc2) 





\a 








2Nrd(fci)Nrd(fc2)/ 



and so 
Thus, 



(4Nrd(fci)Nrd(fc2) - 



= (4Nrd(/^l)Nrd(fc2)-a2)^ 



(in Ol). 



7VL/Q(c)+)|7Vi/Q (4Nrd(fci)Nrd(fc2) - a^) (in Z). 
Now, 4Nrd(fci)Nrd(A:2) — is a totally positive element oi Ol- Indeed, this is just the Cauchy- Schwartz 
inequality applied to the bilinear form Trd(xy) under every embedding L — > M. We can therefore conclude 
that 

^l/q(5+) < Nl/q (4Nrd(fci)Nrd(fc2)) • 

We conclude that 

2 

Nl/q{^^) < disc(OL)"^4-^' J]4Misc(OL)27Vi/QNrd(fc,) 



i=l 
2 



< 



disc(OL )"^4-f [| disc(OL [2c,K,] ) 



2 



disc(OL)-449[]disc(OL[c,K,]) 



49 



disc(0i) ■ disc(02) 
disc(OL)4 • 



□ 



Corollary 11.4. (1) Let Ai be an ahelian variety with CM by Oxi- Choose a common field of defini- 
tion M for Ai,A2 such that M contains the normal closure of both Ki and K2 and both Ai have 
good reduction over M . Let p be a prime ideal of M, (p) = p n Z, and suppose that 

Ai (mod p) = A2 (mod p). 

Let r be the number of prime ideals q in Ol for which e{q/p)f{c{/p) is odd. If r > then 



P 



< 49 



disc/<-j • discx2 



l/r 



(2) Suppose that [L 
the bound 



disc(OL)^ 

= 2, i.e., and that Ai are principally polarized abelian surfaces. Then we have 



< 



16 



discKj • discxj 



l/r' 



disc(C'L)'* 

according to the following cases (and no other case is possible), where the last columns refer to 
tables in [GL4j . The first column refers to the decomposition of p in L. We use "s.sing." and 
"ssp" to refer to "super singular" and " super special" , respectively. 

Proof. Since the Ai are principally polarized abelian surfaces, they satisfy the Delignc-Pappas condition 
and, when p is unramified, even the Rapoport condition. We can therefore use the results of |BG[ INicTj . 

If p is split in L then every supcrsingular point is superspccial. In that case, Endoi (^) is order of 
discriminant pOl in Bp L and we apply part (1) with r = 2. 
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p 


Reduc- 


Rapoport? 


r' 


Table 3 


Table 4 


Table 5 




tion 






(K cyclic) 


(K biquadratic) 


(K non- Galois) 


Unramifiea 


ssp 


Yes 


2 


a, iv, V 


Hi, iv, vii, viii 


Hi, vi, viii, ix, x. 


(inert/split) 












xxiii 


Inert 


s.sing & 

not ssp 


Yes 


4 


Hi 




vii 


Ramified 


ssp 


Yes 


2 




vi 




Ramified 


ssp 


No 


1 


vi 




xvi, xvii, xviii, 
XXV, xxvi 



Table 11.1. The case [L : Q] = 2. 



If p is inert, then the reduction is necessarily supersingular, by Lemnia lll.li and may or may not be 
superspecial. If it is superspecial, then, again, Endcii,(^) is an order of discriminant pOl in Bp L and the 
bound holds with r' = 2. 

If the reduction is supersingular and not superspecial, then in fact Endc)j^(A) has discriminant p^Ol, 
and so we may take r' = 4. 

Next we consider the case when p is ramified. There are three case to consider. The first is when we 
have superspecial reduction and the Rapoport condition holds. In that case, Endo^^ (A) has discriminant 
pOl, and we may take r' = 2. The second case is when we have superspecial reduction and the Rapoport 
condition does not hold (but the Deligne-Pappas condition holds) . In this case, End^^^ (A) has discriminant 
p, where p is the prime of Ol above p and we can take r' = 1. The last possibility is, ostensibly, that we 
have supersingular reduction, which is not superspecial. This in fact never happens in the presence of CM 
by the full ring of integers. It is interesting to note, though, that for supersingular and not superspecial 
reduction, the abelian variety A has a unique copy of the group scheme ap contained in it, which is 
therefore preserved under all endomorphisms. Thus, End(A) ^ End(A/Q;p) and A/ap is superspecial, but 
doesn't satisfy the Rapoport condition (see | AG] ) . And so, were this case to occur, we could have taken 
r' = 1. □ 

Remark 11.5. Suppose that r = then g is even and a maximal order R C Bp L has discriminant 1. 
For every prime p (and for any decomposition behaviour of p), there certainly exist supersingular abelian 
varieties A with RM such that Endo^ (A) = R. This is easily achieved by choosing an i?-stable lattice 
of the Dicudonnc module of A. Experience shows, however, that such abelian varieties tend to be badly 
behaved, for example, the Dclignc-Pappas condition tends to fail when p is unramified, (it fails in the 
cases we have checked and wc did not find an example where it holds) or, in other cases, such as when 
p is totally ramified, the Delignc-Pappas condition holds but the endomorphism ring is not the maximal 
order. Thus, one would expect that under the Deligne-Pappas condition the discriminant of Endo^^ {A) is 
never 1, and, if so, one obtains a version of part (1) of Corollarv lll.4[ in all cases. 

In fact, one can be more optimistic and guess that the largest order O arising for a supersingular 
characteristic p abelian variety with RM A, satisfying the Deligne-Rapoport condition, also arises for 
some superspecial such abelian variety. Superspecial abelian varieties with RM were studied by Nicole 
|Nicl[ INic2| . When p is unramified in L and A is superspecial, Endo^ {A) has discriminant pO^ ■ When 
p is ramified in L, larger orders arise (see jNicll Theorem 2.8.5]), but at least when p is totally ramified, 
pOl ~ p[^'"21, still the largest order arising (for a superspecial abelian variety) has discriminant p. 

12. Computations: g ~2 

Consider the two primitive Galois quartic CM fields K = Q(C5) and K' = Q( V-85 + 34a/5). The 
common real quadratic subficld L = = K'^ = Q('\/5) has strict class number one, as it has class 
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number one and a unit (1 + •\/5)/2 of negative norm. The field K has class number 1 and the triple of 
absolute Igusa invariants of the principally polarized abelian surface with CM by K \s ii = 12 = = 0. 
The field K' has class number 2 and the triple of absolute Igusa invariants for one of the CM points 
associated to K' is: 



for Of CO, and 



_ 2^3 . 310 . 55 . j^g5 . 5215 ^ . 31° • 55 • 19^ • 5213 _ 2^6 . 3^ • S'^ • 19^ • 52l2 • 755777339 

*1 ^ 71T2 ' *2 — ^^8 ' *3 — ^^8 ■ 

Genus 2 curves over Q with these invariants are given by the affine models: 

y2 ^ _584a;*' - 4020a;^ + 28860a;'* + 130240a;^ - 514920a;^ - 190244x - 289455, 

for K' . In this case, the triple of absolute invariants is insufficient to determine whether the two curves 
are isomorphic modulo a prime p, since the first invariant is zero. To understand for which primes the 
curves are isomorphic, it is necessary to compute all ten Igusa invariants for the CM point associated to K' 
to determine which primes divide all ten invariants (see |GL41 Section 2.2] for an explanation, especially 
consequence 3 at the end of the subsection). In particular, primes which divide the difl[erences of all ten 
Igusa invariants associated to two CM points of K and K' are primes for which the coincidence number 
of K and K' defined in Section |9] is non-zero. 

The prime 19 appears in all three invariants and checking all ten invariants, wc find that they too are all 
zero modulo 19. There is also a positive contribution at the prime p = 19 in our formula in Theorem l8.3[ 
which implies a non-zero coincidence number. Since K has class number 1, there is only one superspecial 
order R{0,X). We find an element x G Ol satisfying condition C and count the elements in 82(0, x). 
Let d and d' be as in Section [51 We find that for x = 3\/5 — 3, the ideal in Ol generated by {x^ — dd')/4: 
factors as: 

p2pi94Pi9,2- 

We see that there is a positive contribution for p = 19 in our formula because this factorization has both 
split factors for 19, and 2 is totally inert in K/L but appears to the power 2, so (x'^ — dd')/{4: ■ 19) is a 
norm of an ideal from K/L and the set 82(0, x) is non-empty. 

Consider the other primes which are common to all three numerators in this example: 5 is a ramified 
prime in L, so our results do not cover it; neither do our formulas pertain to the prime 2 which also appears 
in all three numerators; the prime 3 divides all ten invariants but is supersingular, not superspecial, and 
it certainly satisfies the crude bound Theorem 111.31 from Section[TT] the prime 521 does not divide all ten 
invariants. 
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